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Extended abstract 1

In this study, that extends the previous work [1], we propose a variational
approach to model the diffusion process of two competing technologies in
a given market. We consider space and time diffusion models that assume
primarily that the growth in the number of adoptions in each region would
vary and the relative number of adoptions would be greater in those regions
closest to the regions of innovation origination [4, 5]. Models including spa-
tial effects in technology diffusion have been proposed, e.g., in [2, 3].
We consider the distribution of two (dominant) technologies, previously in-
troduced in the market, observed at a certain instant. From this observation
it will appear that some companies in the market will have adopted the first
technology, other companies the second one and still others will operate at
an intermediate level (even using other technologies). The objective is to
identify, on the basis of the observed distribution, what the distribution of
the two technologies will be in the long term.

We introduce a suitable variational functional that takes into account
the need for market companies to operate at a technology level as close as
possible to that of neighbouring companies, the resistance of market oper-
ators to vary the technology they possess and the strength with which the
two technologies establish themselves on the market. The equilibrium dis-
tribution is then determined by minimizing the proposed functional. Some
numerical examples for different scenarios are also presented.

This abstract is submitted for the special session on Optimization, Vari-
ational Analysis and Applications organized by D. Scopelliti and M. Milasi
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Extended abstract 1

Given a nonempty set C, a bifunction f : C ×C → R, and a set-valued map
Φ : C ⇒ C, the quasi equilibrium problem is defined as follows: find a point
x ∈ Φ(x) such that

f(x, y) ≥ 0, ∀y ∈ Φ(x).

In this talk we investigate quasi equilibrium problems in a real Banach space
under the assumption of Brezis pseudomonotonicity of the function involved.
To establish existence results under weak coercivity conditions we replace the
quasi equilibrium problem with a sequence of penalized usual equilibrium
problems. To deal with the non compact framework, we apply a regular-
ized version of the penalty method. The particular case of set-valued quasi
variational inequalities is also considered.

Keywords
Quasi equilibrium problem; Set-valued quasi variational inequality; Brezis
pseudomonotonicity; Regularized penalty method; coercivity conditions.
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Extended abstract 1

Hierarchical programs are optimization problems whose feasible set is im-
plicitly defined as the solution set of another, lower-level, problem. As a
major departure from the more general bilevel structures, this talk focuses
only on lower-level problems that are non-parametric with respect to the up-
per level variables. In particular, the minimization of an objective function
over the solution set of a lower-level variational inequality is considered (see
[3]), which is a special instance of semi-infinite programs [5] and encom-
passes simple bilevel and equilibrium selection problems as particular cases
(see [1, 2, 4]). To tackle this hierarchical problem, a suitable approximated
version is introduced. On the one hand, this does not perturb the original
(exact) program too much, on the other hand it allows relying on suitable
exact penalty approaches whose convergence properties are established [1].

1Special session: Optimization, Variational Analysis and Applications by Domenico
Scopelliti and Monica Milasi
Corresponding author: Giancarlo Bigi giancarlo.bigi@unipi.it.
Speaker: Giancarlo Bigi giancarlo.bigi@unipi.it.
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Extended abstract 1

The aim of this paper is to present fleet mix models which consider in an
unified framework all of the following crucial aspects: demand uncertainty,
demand violation, hierarchical fleet structure, external units for all the hier-
archical levels, risk aversion. The proposed models can be a useful strategic
management tool aimed to determine an optimal long term strategy.

In particular, the service demand is assumed to be stochastic, depending
on a random factor θ. This means that in a first stage, when demand is
unknown, decisions on the optimal internal fleet have to be taken on the basis
of a suitable estimation of future demand. In a second stage, the possibility of
hiring external units for all the considered hierarchical levels can compensate
the units shortage in case of demand peaks. Considering an heterogeneous
fleet both in the case of internal and external units is a generalized version
of previously proposed models. Also quality of service constraints (QOS)
are included: for each type of request k a minimum number of fulfilled jobs
can be required. In other words, the firm may want to guarantee a certain
service level in order to preserve an efficient corporate image. In this light,
demand violations are admitted and a penalty cost function is included when
the total demand is not completely fulfilled. The objective of these models
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is to minimize the expected total costs (including penalties) satisfying the
quality of service constraints. Moreover, since companies are usually risk
averse, a coherent risk measure is introduced to deal with both risk neutral
and risk averse operators.

This formulation is a two-stage multi-period stochastic programming
model and its deterministic equivalent formulation is deduced with a sce-
narios approach.

The formulation is comprehensive of a risk neutral and risk averse ap-
proach in which the operator can decide the level of risk aversion by moving
a parameter λ ∈ [0, 1]. In this model a risk neutral agent aims at minimizing
the expected value of its cost function by setting λ = 0 or, in the case of
being extremely risk averse, by setting λ = 1. All the intermediate situations
can also be treated with this formulation.

An auxiliary discretized problem is introduced and it is proved that the
optimal solution of the original problem can be retrieved by solving the aux-
iliary problem. This result is able to significantly reduce the computational
complexity of the original problem. According to the features of the prob-
lem, indeed, the original model belongs to nonlinear integer programming
while the auxiliary problem is an integer linear program that can be solved
with standard softwares. Notice finally, that the introduction of the auxil-
iary problem avoids the use of classical approaches either based on branch
methods or based on binary variables and the “big >> 0” constant.

The results of a computational test are provided in order to validate the
model.

Keywords
Hierarchical fleet mix; Stochastic programming; CVaR.
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Extended abstract 1

Let X be a nontrivial real normed linear space and Y a subspace of X. The
natural problem of extending continuous convex real-valued functions from
Y to the whole X was studied by several authors in the last two decades,
and positive results were obtained under suitable hypotheses involving sepa-
rability conditions. In [2, 3], the authors consider the more general problem
concerning extendability of continuous convex functions from A ∩ Y to A,
where A ⊂ X is an open convex set intersecting Y . After a brief review
of known results about this problem, we will present recent results, some of
which obtained in collaboration with L. Veselý, concerning the corresponding
problem for the class of continuous quasiconvex functions.
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convex function; quasiconvex function; extension
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Extended abstract
1

Joly and Mosco [1] introduced a class of variational problems involving an
extended valued bifunction ϕ : C × C → (−∞,+∞] which captures the
nature of the constraint. This problem asks to

�nd x ∈ C such that f(x, y) + ϕ(x, y) ≥ ϕ(x, x), for all y ∈ C, (1)

where C is a nonempty set, f : C × C → R is a bifunction and the domain
of ϕ(x, ·)

Dϕ(x) = {y ∈ C : ϕ(x, y) < +∞}

is assumed to be nonempty for every x ∈ C.
Aim of this paper is to establish a result concerning existence of solutions

for such a class of variational problems de�ned on a �nite-dimensional space.
Our approach is based on a Michael selection result for lower semicontinuous
set-valued maps [2] in the spirit of [3], combined with a weak coercivity con-
dition which extends an older one proposed by Konnov and Dyabilkin [4] for
equilibrium problems and without requiring any assumption of generalized
monotonicity. Our result subsumes and extends several similar results which
can be obtained by means of suitable choices of the involved functions.

Keywords

Quasiequilibrium problem; Ky Fan minimax inequality; Fixed point; Coer-
civity condition.
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Extended abstract 1

It is well-known that the sum of two quasiconvex functions is not quasiconvex
in general, and the same occurs with the minimum. Although apparently
these two statements (for the sum or minimum) have nothing in common,
they are related, as we show in this talk. To develop our study, the notion of
quasiconvex family is introduced, and we establish various characterizations
of such a concept: one of them being the quasiconvexity of the pointwise
infimum of arbitrary translations of quasiconvex functions in the family;
another is the convexity of the union of any two of their sublevel sets; a
third one is the quasiconvexity of the sum of the quasiconvex functions,
composed with arbitrary nondecreasing functions.

As a by-product, any of the aforementioned characterizations, besides
providing quasiconvexity of the sum, also implies the semistrict quasicon-
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vexity of the sum if every function in the family has the same property.
Three concrete applications in quasiconvex optimization are presented.

Special section Optimization, variational analysis, and applications. Or-
ganizers: Monica Milasi, Domenico Scopelliti.

Keywords
quasiconvex function; quasimonotone operator; quasiconvex optimization.
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Extended abstract
1

We consider an extension of a noncooperative game problem where players
have joint binding constraints. In this case, justi�cation of a generalized
equilibrium point needs a reasonable mechanism for attaining this state.
We suggest to combine a penalty method together with shares allocation of
right-hand sides, which replaces the initial problem with a sequence of the
usual Nash equilibrium problems together with an upper level variational
inequalities as master problems. We show the convergence of solutions of
these auxiliary penalized problems to a solution of the initial game problem
under weak coercivity conditions.

This talk is based on the papers [1], [2].

Keywords

Noncooperative games; Generalized equilibrium points; Decomposable penalty
method; Variational inequality.
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Extended abstract
1

We focus on the study of an economic equilibrium model under uncertainty,
introduced by Radner in [2]. The market evolves in a �nite sequence of
stages and, at each stage, di�erent states of the world are possible. Through
this time-uncertain structure, I agents participate in the market; throughout
two di�erent structures, forward and spot markets, they consume, trade, and
sign contracts. At the beginning agents do not know the possible evolution
of the market; the environment is progressively revealed, and, all information
is revealed at the �nal stage. Agents have to make their decisions under un-
certainty conditions. In order to capture the essential dynamics of stochastic
decision processes, it is needed an approach which encompasses multistage

models responding to an increasing level of information.
Based on the approach introduced by Rockafellar and Wets in [3], we re-
formulate the equilibrium problem in terms of a suitable stochastic quasi-
variational inequality. Stochastic variational inequalities are a natural ex-
tension of the deterministic ones to model and study real-world problems
with data a�ected by some uncertainty and randomness. Here, the consid-
ered stochastic variational approach is characterized by the presence of the
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nonanticipativity constraints in the formulation of the problem; these con-
straints allow us to capture the dynamics of stochastic decision processes
in response to an increasing level of information. Stage by stage these con-
straints impose the measurability with respect to the information �eld at that
stage. Thanks to this characterization, by using variational tools, we give
the existence of equilibrium, see e.g. [1]. Finally, we propose an algorithm
to compute the equilibrium solution.

Keywords

Equilibrium problem; Nonanticipativity; Multistage; Stochastic variational
inequality.
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1

The simplest way to introduce robustness in a parametric multiobjective op-
timization problem is to consider the worst case scenario on each component
of the vector-valued objective function. This approach is unduly pessimistic
when there is dependence among the uncertainties that a�ect distinct compo-
nent of the objective function. Some alternative notions of robust e�ciency
are based on a reframing of the original problem into a deterministic set-
valued optimization setting where the upper quasiorder relation among sets
is considered. Under this approach, we study the commutativity of robusti-
�cation and scalarization by considering the equivalence of the solutions of
the scalarization of the set-valued robust counterpart of the uncertain vector
optimization problem with the robust counterpart of the scalarization of of
the same problem.
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Extended abstract 1

In decision theory, a preference characterizes an individual’s attitudes, per-
ceptions, tastes, and inclinations with respect to the alternatives that are the
object of choice. Once this is defined, the behavior of the individual consid-
ers the preference relation together with any other factor and/or constraint
in order to make the best possible decision. This preference is described by
means of a binary relation, and the individual does make the best according
to it and the constraints in place. In [1], Debreu proved that, under suitable
assumptions on the set of alternatives and/or the binary relation, a prefer-
ence can be represented by means of a real function. Hence, the preference
maximization problem can be treated as the maximization problem of func-
tions, and the literature contains several well-known approaches to deal with
the resulting optimization problem. In particular, the variational inequalities
theory provides powerful and flexible tools to deal with the above described
class of problems, in both analysis and computations; see, e.g., [2].
Usually, with preferences there are two different approaches; see, e.g., [3].
The first one is to define a weak preference � and then deduce a strict pref-
erence �. The other approach instead considers a strict preference � from
which a weak preference relation is deduced. We take the strict preference
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� as primitive and we do not require that it is asymmetric and negatively
transitive. However, these assumptions are not sufficient to guarantee the
completeness and transitivity of the deduced weak preference �. In partic-
ular, the assumption of completeness means that an individual should be
able to compare any two possible alternatives. One can imagine real-life
situations in which this assumption does not hold, for instance, when an
individual is not able to rank his preferences between two or more choices.
For instance, this can occur under uncertain conditions and/or with a lack
of information. Furthermore, in many real-world situations, the set of alter-
natives is vectors, that is, the outcome of a choice involves different features
to be evaluated separately. Hence, it is natural to work without the com-
pleteness requirement on the individuals’ preferences. At the same time,
the considered assumptions are not sufficient to guarantee the existence of
a utility function representing the preference relation, and then we cannot
apply the results known in the literature.
In [4], our aim is to provide a variational approach to study a maximization
problem of preferences that cannot be represented by a utility function. In
particular, we opportunely characterize the preference maximization prob-
lem and we prove some regularity properties on the map of solutions of the
relative parametric variational problem. The strength of our approach is that
it relies only on the study of the strict upper counter set and the associated
normal cone. To the best of our knowledge, there are no studies in which the
preferences maximization is studied through a variational approach without
numerical representation. We apply the theoretical results to an equilibrium
problem under time and uncertainty. This application is constructive for
future possible developments and applications.
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