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Extended abstract 1

A differential game of many pursuers and one evader is described by m linear

differential equations of variables x1, x2,..., xm. The control parameters of

players are subjected to coordinatewise integral constraints. If at least for

one i 2 {1, 2, ...,m}, we have xi(t) 6= 0 for all t � 0, then we say that evasion

is possible. The problem is to find a condition of evasion in the game. A

sufficient condition of evasion is proposed in terms of energies of players.

Also, a strategy for the evader that guarantees the evasion is constructed.

Keywords
Differential game; Pursuit- evation game; Strategy; Evasion.
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Extended abstract 1

Two-stage n-player game with spanning tree is considered. The cooperative
behaviour of players is defined. After the first stage game, a specified player
leaves the game with a probability that depends on actions of all players
in the first stage. A new approach to the construction of the characteristic
function is proposed. In the game, assume that all players in coalition S ⊂ N
want to connect to the source, the coalition N \ S has already connected to
the source, and the coalition S may connect to the source through N \ S.
With the help of this new characteristic function, the dynamic Shapley value
is constructed. Some properties of the new characteristic function in the
game are given.

Keywords
Dynamic game; Minimum cost spanning tree; Dynamic Shapley value.
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Extended abstract 1

We study a pursuit differential game problem with simple motion dynamics
of players in Rn. One pursuer and one evader move in a given bounded closed
convex subset of Rn. The dynamic possibilities of players are equal. If the
pursuer becomes in l vicinity of the evader, then pursuit is considered to be
completed, where l is a given positive number. This game relates to lion and
man games. In the past, various solutions of the game problem have been
given by many researchers. In this paper, the estimate obtained by previous
researchers for the distance of pursuer from the origin is improved.

1

Speaker: Risman Mat Hasim, risman@upm.edu.my

1



Note that in the game analyzed in [5], time is discrete. First the man M
moves from his initial state M0 to a point M1 for which M0M1  1, then
the lion L moves from his initial state L0 to a point L1 for which L0L1  1
and so on. If Lk = Mk for some step k, then lion wins. If Lk 6= Mk for all
k = 1, 2, ..., then man wins. In that paper, the lion L applies the discrete
analogue of Rado’s strategy with respect to a center C, and the lion moves
from L to L0 with LL0 = 1, then it is proved that CL02 � CL2 + 1 (Lemma
1, [5]). In the present paper, our goal is to improve this inequality.

Take the point x0 as the origin, i.e x0 = 0. First, we construct a piecewise
constant strategy for the pursuer. Define ti = i", i = 0, 1, 2, ..., where " = l

2 .
Let the evader apply an arbitrary control v(t), t � 0, and y(t) be state of
evader.

Theorem

For any integer n � 1, the inequality

|xn+1| >
p

|xn|2 + 2"2

holds.

Keywords
Differential game; Pursuer; Evader; State constraint; Strategy; Control.
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DIFFERENTIAL GAMES OF THE SECOND ORDER WITH INTEGRAL 
CONSTRAINTS 

Inomiddinov Sardorbek Nizomiddinovich 
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Keywords: integral constraints, differential game, pursuer, evader, acceleration. 

 

Consider two players, a pursuer and an evader, moving in the space nR . The subscripts P  and 
E  will be reserved for the Pursuer and Evader, respectively.  Suppose x  and y  are the locations of the 
pursuer and the evader respectively. 

Let objects P and E with opposite aim be given in the space Rnand their  
movements based on the following differential equations and initial conditions: 

                       

                       P :  ,x u         1 0 0x kx�  ,                                                (1) 

                        E :  ,y v        1 0 0y ky�  ,                                                (2) 

and assume that 0 0x yz  

 

where , , ,x y u v� nR   , 1n t   and  k  is arbitrary number; 0 (0)x x , 0 (0)y y  are  

initial states of the players P  and E  correspondingly at 0;t   1 (0)x x , 

1 (0)y y  are initial velocity of the pursuer  P  and the evader E  respectively at 0;t  u  is a 
control parameter (controlled acceleration) of the pursuer,  v  is that of the evader. Control parameters u ,
v  are selected from the class of measurable functions IU , IV  satisfying according to integral 
constraints (3) and (4) (briefly,I- constraints) respectively: 

2
0 1 1 0

0

( ) ( ) ,         
t

t s u s ds t kU U U U� d �  ³  (3) 

2
0 1 1 0

0

( ) ( )  ,        
t

t s v s ds t kV V V V� d �  ³  (4) 

 

and assume that 01 kUU  , 01 kVV  ; where 0U , 1U , 0V , 1V  are given positive  
numbers[1]. 
 
The measurable functions � � Iu U� �

 
and � � Iv V� � are called admissible controls of 

the pursuer P  and the evader E  respectively.  
 



Once the players admissible controls � �u �  and � �v � are chosen, the corresponding motions � �x � and 

� �y � of the players are defined as 

� � � � � �0 1
0

t

x t x tx t s u s ds � � �³ ,  � � � � � �0 1
0

t

y t y ty t s v s ds � � �³
 

The object of the pursuer P  is capture, i.e., to reach the equality   

                    * *( ) ( )x t y t                                                  (5) 

and the evader E  struggles to avoid an encounter, i.e., to achieve the inequality ( ) ( )x t y tz  for all 

0t t , and in the opposite case, to postpone the instant of encounter (5) as long as possible. 

Definition 1.  For the differential game (1)-(4), time *t  is called a guaranteed  

pursuit time if it is equal to an upper boundary of all the finite values of pursuit  

time satisfying the equality (5)[2]. 

To construct a strategy for the pursuer, first we assume that pursuer knows t , ( )x t , ( )y t , ( )v t  at the 
current time t .  Let  ( ) ( ) ( )z t x t y t � . Now, we construct  the strategy of the pursuer for the position 

� �* * * *, ( ), ( ), ( )t z t t tU V  such that  *( ) 0z t  , * *( ) ( )t tU V [4]. 

We assume that  at some *t  time  the equality *( ) 0z t   occurred, At this time 

* * *( ) 0 ( ) ( )z t x t y t �   

Defenition 2. The function 

� � � � 0u v v vO [ �  (6) 

 is called   the strategy of parallel pursuit (the П-strategy) of the pursuer P  in the game (1) - (4), where 

� � 0 0 0 0 0 0max{0, 2 , },   ,  v v zO G [ G G G U V �   � ,    0 0 0 ,z z[  
  

0,v [
– the scalar production in nR [3]. 

Theorem. Let one of the following conditions holds:   

1. 0 0U V!  and 0k  ;  or  2. 0 0U V  and 0k � .  

Then by virtue of  strategy (6) the guaranteed pursuit time will be as follows: 

� �0 0 0 0

0 0

0

*

0

0

2 ,                

1 ,                                 

, 0,

, 0,
                                .     0

z

t k if

if k
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positive root if k
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Conclusion.We have studied pursuit differential games of the second order with integral constraints 
on control function of  the players. We constructed the П-strategy of the pursuer and gave formulae to 
find the guaranteed pursuit time. 
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Psychological Nash Equilibria under Ambiguity
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August 23, 2021

Extended abstract1

Psychological games have been introduced to understand how emotions and opinions
of players can a↵ect a game ([1], [2]). In the paper [3] payo↵s are assumed to be
dependent not only on the strategies, but also on the beliefs of each player: players
may have belief-dependent motivations or may believe that their opponents have
belief-dependent motivations. In [3] it is presented and proved the existence of an
equilibrium concept for this class of games based on the idea that the entire hierarchy
of beliefs of each player must be correct in equilibrium.
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There is another strand of literature that focuses on strategic ambiguity in clas-
sical games as it is well known that players may have ambiguous beliefs about op-
ponents’ strategy choices ([4]). In addition, limit results containing the assumptions
which ensure the convergence of sequences of equilibria of ambiguous games to equi-
libria of the unperturbed ones can be found ([5]).

In this paper, we consider the issue of strategic ambiguity in the framework of
psychological games by taking into account ambiguous hierarchies of beliefs. In
particular, we focus on the e↵ects of ambiguity on the existence of psychological
Nash equilibria. We describe the model of psychological games under ambiguity and
provide a generalization of psychological equilibrium concept. Numerical examples
illustrating the di↵erences between the ambiguous setting and the classical one are
also shown. Then, we prove the existence of psychological Nash equilibria under
ambiguity, focusing on maxmin preferences. Finally, we give a general limit theorem
for sequences of equilibria of perturbed psychological games under ambiguity and we
apply it to obtain a selection criterion for classical psychological equilibria, based on
stability with respect to ambiguous trembles of beliefs.

Keywords: Ambiguity; Psychological games; Nash equilibria; Stability.
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Bayesian Dynamic Updating in Dynamic Game
Model
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Extended abstract 1

This paper is devoted to examining a dynamic pollution control game model
with uncertainty and dynamic updating, where each country’s emitted pol-
lution depends on its belief with respect to the unknown parameter and
pollution accumulation. The dynamic updating approach is applied to the
game model with uncertainty in order to construct a model, where infor-
mation about the process updates dynamically. In order to deal with the
uncertainty, learning introduces two sources of risk about future payoffs:
structural uncertainty and uncertainty due to the anticipation of learning.
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The latter renders control and learning non-separable. Therefore, we intro-
duce the Nash equilibrium strategy profile with Bayesian dynamic updating
of the dynamic game model with uncertainty. We also show that the lim-
its of the unknown variance for a finite horizon exist. According to the
simulations, the addition of learning to a stochastic environment is shown
to have a profound effect on the Nash equilibrium strategy profile and the
corresponding trajectory.

Keywords
Dynamic games with Bayesian dynamic updating; Looking Forward Ap-
proach; Nash equilibrium with Bayesian dynamic updating; Hamilton-Jacobi-
Bellman equation; Uncertainty and Learning.
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Extended abstract 1

The discovery of a vaccine for a given disease is hailed as a milestone in
medicine since it permits to save lots of lives. In recent times, anti-vaccination
movements have been spreading the idea that vaccines can be ineffective
and even dangerous. This averse word-of-mouth information has proven to
be fairly popular in this contingent period, as declared also in [3], and it
represents an obstacle for the diffusion of several vaccinations, such as those
against measles, mumps, rubella, meningitis, and papilloma virus.

Due to this phenomenon, the scientific community cannot exclusively
concentrate on finding the most effective and efficient medical therapy, it
must also plan an efficient pro-vax advertising campaign to instruct people
on the importance of being vaccinated.

In [4] and [5] the advertising plan for the vaccination campaign is com-
puted through an optimal control problem, where a policy maker minimizes
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the care cost induced by the unvaccinated people and the cost due to the
information campaign.

Here, we use the game theory framework to consider the simultaneous
communication efforts made by the health-care system (which aims to mini-
mize the costs due to hospitalization and advertising) and a pharmaceutical
firm (which produces and sells a given type of vaccine and wants to mini-
mize its loss of earnings and its communication costs). We assume that the
number of unvaccinated people increases by the effect of the word-of-mouth
publicity as in [2], while it can be reduced thanks to the advertising pro-vax
campaign of both players.

A first game approach to this problem appears in [1], where an open-loop
Nash equilibrium is computed in a finite time horizon. In order to make a
long-term plan of the pro-vax campaign, we consider an autonomous differ-
ential game in an infinite time horizon and compute the feedback advertising
strategies that constitute its Markovian Nash equilibrium.

Keywords

Dynamic game, Nash equilibrium; Advertising; Vaccination.
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Extended abstract 1

This paper discusses the dynamic Shapley value in cost-sharing game with
directed network by establishing minimum cost arborescences. The cooper-
ative behavior of players is defined, and a two-stage network game is consid-
ered. At each stage, players form a directed network by adopting strategies
and determine a minimum arborescence in the directed network. After the
first stage, a special player among the players will drop out the game with
a probability, which depends on all actions of players in the first stage. The
characteristic function along the cooperative trajectory is defined, the dy-
namic Shapley value in the game is constructed.

Keywords
Directed Network; Cost-sharing Game; Minimum Cost Arborescences; Dy-
namic Shapley Value.
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